10.3 Separable Equations

Objectives:

e Solve separable differential equations.
e Solve equations given initial conditions.

An equation containing first order derivatives is called a first order differential equation.
A separable equation is a first order equation in which the expression for dy/dz can be

factored into a function of x times a function of .
dy
_— = €T
Y = 9@ f ()

We call this equation separable because we can separate the differentials. Let f(y) = 1/h(y).
Then the equation becomes

dy _ g(z)

dr — h(y)
Now we can separate the differential to get
h(y) dz = g(x) dx
We solve the equation by integrating both sides.

Example.
Solve the following differential equation.
dy  te

Aty /1+ ¢

Solution.
First we separate the differentials to get

y/1+y2dy = te' dt

Now we integrate both sides to get

/y\/1+y2dy:/tetdt

The integral on the left requires a u substitution with v = 1 4+ y? and %du = ydy. The
integral on the right requires integration by parts with v = ¢ and dv = e’ dt.

Yy 1+ y2dy = te' dt =

%.%(1+y2)3/2:t6t—/etdt =
1(1+y2)3/2:tet—et+0

3
The problem gave us the rate of change in y with respect to t. When we separate the

variables and integrate we get an equation that involves x and ¢. Sometimes this is the best
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we can do, but we should write y as an explicite rule of ¢ if possible. We need only one
constant of integration since a constant on each side can be combined into one.

%(1+y2)3/2:tet—et+0 =

(1+9%) 3(te —e'+C) =
1+y° = [B(tet—et+0)]z/3 =
P=[B - +0))" 1=

y=+\/[Blter —et + )P —1
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Example.
Find the solution of the differential equation that satisfies the given initial condition.

d
x+2y\/x2+1d—y:(), y(0) =1
x

Solution.
dy
x—|—2y\/9§2—|—1d— =0 =
€T

d
2y\/:)32+1d—y =—r =
T

x
udy = ——=dr =
v 2 +1

T
Jran = | e

On the right side let u = 22 4+ 1 so %du =xdx
1
f:—am@ﬁuf”+0¢

¥ =—Va2+1+C

Now we use the initial condition to find C.
y0)=1= 1"=—V02+1+C = C=2
y'=—Va2+1+2



